Appendix: Tables and formulae

Multidimensional Fourier transform: integral relations

Space variable: = = (z1,...,24) € R?
Frequency variable: w = (wi,...,wq) € RY
Relation
Direct transform = F{fHw / flx)e 7@ dg, - day
r 1 r i ae.
Inverse transform FHf = 7/ Flw)e? @@ dw, - dwg = f(x)
2m)? Jpa
l * 1 ¢ ~ %
Parseval f(®)g" (x)dzy - -dag = —— / fw)g* (w)dwy - - - dwyq
R4 (27T>d JRA
1 .
Energy conservation / |f(z)]Pdwy -+ dog = 7/ |f(w)|?dw; -+ - dw
R4 (2m)? Jpa
Integral f(x)da, ---dag = f(0)
Rd
om0 f(w)
M t ny ni d cdag = iny+-tng
oments /Rd x] (z)dwx - = R

w=0

Convolution: (f * h)(x) /eRd f(y)h(xz —y)dy; - - dy, s f(w) - h(w)
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Multidimensional Fourier transform: properties

Operation f(x), xeR f(w) = fpa f(x)e 7P day - dag
Linearity arfi(®) +azfo(z)  arfi(w) + ax fo(w)
d a
Separability fla) = 1;[1 file)  flw)= 1;[1 filws)
Duality f(x) @2m)f(-w)
Real-valued signal f(x) real (f (w)>* = f(~w) (Hermitian symmetry)
Reflection f(—=) f-w)
Shift fla — 20) e o) f(w)
Modulation el (o) f () flw = w)
Scaling f(z/a) || f(aw)
Affine transformation f(Ax) ldetA|7'f (A7) w)
Convolution (f *9)() flw)-g(w)
Differentiation a;i (m) (jwi)" f(w)
Multiplication f(@) - g() (271r)d (f % 9)(w)
Multiplication by monomial 7 f () 87:9{; (;” )
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Useful 1D Fourier-transform pairs

f(x), zeR

Finite-energy functions
1L 2 <3

0, otherwise

rect(r) = °(z) = {

1—Jz|, Jz| <1

0, |x] > 1

. w sin(w
SIme (%) - (w/2/)2)

e (32) - (2

. w
sine™t! (—)

2
. _ sin(mx) w
sinc(x) = — rect (27r)
1 2 2

—x=/2 —w®/2
me e
e~ with a > 0 _z0

a2 _|_w2
Generalized functions in S’

0(x) 1
0(x — xo) e Jwo
Zé(m—k) 27726(w—27m)
kEZ nez
1 (27) - 0(w)
elwor (27) - §(w — wp)
cos(wox) 7 [6(w + wo) + §(w — wp)]
sin(wox) Jm [0(w + wp) — 6w — wp)]
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Multidimensional Fourier-transform pairs

,.I'd) S R4

(=),

z=(z1,...

flw) = flx) e @@ dg, - day
R4

Finite-energy functions

d
f(z) = H fi(xi)
z:ld

rect(x) = H rect(z;)

i=1
1, Va?+a3<3
circle(z1,x2) =

(J1(z): Bessel first kind)

0, otherwise (circle) w? 4+ w3
w
| (3)
sinc(x) rect { o
(2m)4/2 21?2 g ¢ Re o llwll?/2
Generalized functions in &' (R¢)
d
5(z) = [[ () 1

i=1

5(x — mo) o itw.@0)

> iz —k)

kezd

1

el {wo,)

1
m, :BGRd7d>l

@2m)?* )" §(w —2mn)

nezd

(2m)? - §(w)
(2m)4 - §(w — wy)

Cd . L d—1 d—1 —
W with Cqd = (471') 2 F(T) [CQ = 2’/T]

Definition: F{f} = f € S'(R?) is the generalized Fourier transform of f € S’(R?) iff
(f, ¢) = (271r)d (f, ), forall ¢ € S(R?) (Schwartz' class of test functions).
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Radial functions: Fourier-transform pairs

f(@) = F{f}(x) fw) = F{fHw) = /R fl@)e 7P dp, - day
Radial function

f@) = flel), Nzl =22+ 22 fw)=Flllel), lel= /o2t +w?
Gaussian

e~l=l*/2 4 c RE (2m) /2wl /2

Thin-plate splines

s d N Cs,d , _2tiad (g
lz]|*>, zeR*seC, —(s+d),s ¢ 2N Tl with ¢5 4 = ey
e 4
. _ 4
||$||2n10g||m”7 T ERd,neN ch”nm with C'In,d: (71>n+122n 1+dﬂ'2 F(n+g)n'
Hyperquadrics

25t1(21)% [ a \ 2T
(@ + 22, a>0,5€C\{0}, € R () Ky (allw
s T s alallol)

K, (x) > 0: Modified Bessel function of second kind

v bu.d : v4d— d
)" K. ([||), weRd,VERJF WWIW by.q =2 +d 17TgF(l/+

[V]Is®

)
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Multidimensional z-transform: properties

Operation Discrete signal z-transform with z = (21, ..., 24)

Definition zlk], k= (ki,... kq) €2z X(z) =Y aflk] 2™zt
kezd

Linearity a1z1 k] + asza (k] a1 X1(z) + a2 X2(2)

Separability x[k] = z1[k1] X - X 2q[kq) X(z)=X1(z1) x -+ x Xg(zq)

Delay x[k — ko) z7R0X () = koL ke X (2)

Reflection 2T [k] = z[—K] Xt zh

Convolution (h*z)[k] = Z hlki)z[k — k1] Y(z)=H(z) X(2)
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1D z-transform pairs

alk] X(2) =) alk] =" ROC

Unit (or Kronecker) impulse at & = kg

1, k=ko
Ok — ko] = z ko z € C\{0}
0, otherwise
Unit step
1, k>0 i 1
ulk] = d k= — 2| > 1
0, otherwise =0 l—2z

Rectangular pulse of size m

1, 0<k<m m—1 X 1— ™
um|k] = 2T E z € C\{0}
0, otherwise 5—0 -2z
Exponentials
a®-ulk]  (causal) S la < |z
1—az"!
1—a?

al®! (symmetric) la| < |z| < |a|™!

(1 —az"1(1—az2)

Modulated exponentials (causal)

1 — (rcoswg)z™?

1— (2rcoswp)z=t + 12272

rk cos(wok) - ulk] Ir| < |z]

1— (rsinwg)z!
7 sin(wok) - ulk] (rsinwo)z

<
1—(2rcoswp)z=t +1r2z72 Irl <2




